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a b s t r a c t
If the order of any product of two different translations of a finite Steiner quasigroup of size
n > 3 is odd, then the group G generated by the translations of the corresponding Steiner
loop of order n+ 1 contains the alternating group of degree n+ 1.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The Steiner triple systems and the Steiner quasigroups are different faces of the same structure. The Steiner loops show
the same behavior as the Steiner quasigroups as long as the identity does not play a substantial role. For instance, the
automorphism group of a Steiner triple system S coincides with the automorphism group of the Steiner quasigroup Q (S)
belonging toS as well as with the automorphism group of the Steiner loop S(S) associated withS. However, if the identity
of S(S) takes over its distinguished part, the diversity of the Steiner quasigroup Q (S) and the Steiner loop S(S) comes to
light. A convincing example for this is the groupΦ generated by the translations of Q (S), and the group G generated by the
translations of S(S), ifS is a finite Hall triple system of size n. Namely, in this case, the groupΦ is solvable (see [7,2] p. 86),
but G always contains the alternating group An+1 (cf. Theorem 2).
For a loop L the knowledge of the group G generated by the set L of its left translations is essential. Namely, if H is the
stabilizer of the identity of L in G, then L is isomorphic to the loop defined on L by (x, y) 7→ x ∗ y = pi(x, y) : L× L −→ L,
where pi assigns to the element xy ∈ G the left translation of L contained in xyH (cf. [8] Section 1.2).
2. Preliminaries
A Steiner triple systemS is an incidence structure consisting of points and blocks such that every two distinct points are
contained in precisely one block, and any block has precisely three points. A finite Steiner triple system with n points exists
if and only if n ≡ 1 or 3 (mod 6) (cf. [9] V.1.9 Definition, p. 124.).
A set Q with a binary operation (x, y) 7→ x · y is called a quasigroup if the equations a · y = b and x · a = b have precisely
one solution in Q which we denote by y = a \ b and x = b/a. Moreover, Q is a loop if there is an element e ∈ Q such that
e · x = x · e = x holds for all x ∈ Q . A quasigroup Q is called totally symmetric if x · y = y · x, and x · (x · y) = y hold for
all x, y ∈ Q . If x2 = x for all x ∈ Q , then Q is called a Steiner quasigroup, whereas if x2 = e for all x ∈ Q , then Q is called a
Steiner loop.
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The left translations λa = (x 7→ ax) : Q −→ Q , as well as the right translations ρa = (x 7→ xa) : Q −→ Q of a quasigroup
Q are bijections of Q . If Q is a Steiner quasigroup, then λa = ρa are involutions. The same holds for Steiner loops.
3. Theorem and remarks
For turning a Steiner triple system S into a Steiner quasigroup (Q (S), ∗), we define as a ∗ b the third point of the line
determined by a, b and put a ∗ a = a2 = a for all a ∈ S. Moreover, with a Steiner triple system, is associated a Steiner loop
(S(S), ◦) such that the elements of S(S) \ {e}, where e is the identity of S(S), are the points of the Steiner system S and
a ◦ b := a ∗ b for a 6= b, a, b ∈ S(S) \ {e}, whereas a ◦ a = a2 = e. A Steiner loop is a commutative loop of exponent 2 with
the inverse property [9], Chap.V.
Very often, the identities which hold in a Steiner quasigroup associated with a Steiner triple system S, do not hold in
the Steiner loop S(S) associated with S. Examples are the Steiner triple systems, called Hall systems, in which every three
non-collinear points generate an affine plane of order 3. In the associated Steiner quasigroup Q (S) one has (xy)z = (xz)(yz)
for all x, y, z ∈ Q (S) but this identity fails to hold in the associated Steiner loop S(S).
The automorphism group of a Steiner loop coincides with the automorphism group of the corresponding Steiner triple
system. In [4], Corollary 1, p. 251 it is proved that a Steiner loop S(S) is an elementary abelian group of order n + 1 = 2m
if and only if the Steiner triple system S corresponding to S(S) is isomorphic to the projective space of dimension m − 1
over the field GF(2). Hence the group of translations of a Steiner loop corresponding to a projective space is an elementary
abelian 2-group.
For Steiner loops corresponding to Steiner triple systems which are not projective spaces, the situation changes
drastically.
Proposition 1. Let S be a Steiner triple system of order n, let Q (S) be the Steiner quasigroup and let S(S) be the Steiner loop
corresponding toS. If the product λ∗aλ∗b of different translations λ∗a and λ∗b of Q (S) has odd order, then in the group generated
by the translations of S(S) there is an involution δa,b interchanging a and b as well as e with a ◦ b and fixing all other elements
of S(S).
Proof. The translation λ∗a of the Steiner quasigroupQ (S) fixes a andmaps x on the third point of the block a, x. The product
λ∗aλ∗b leaves the block {a, b, a ◦ b} invariant. The translation λa of the Steiner loop S(S) acts on the point set S(S) \ {e, a}
in the same manner as λ∗a however it interchanges e with a. The product λaλb operates on S(S) \ {e, a, b, a ◦ b} in the
same manner as the product λ∗aλ∗b but interchanges ewith a ◦ b, respectively awith b. Since λ∗aλ∗b has odd order, saym,
and λaλb induces on {e, a, b, a ◦ b} an involution, it follows that the element δa,b := (λaλb)m is an involution fixing the set
S(S) \ {e, a, b, a ◦ b} element-wise and interchanging ewith a ◦ b, respectively awith b. 
Theorem 2. Let S(S) be a proper Steiner loop of order n and let Q (S) be a Steiner quasigroup, both corresponding to the Steiner
triple systemS. If the product λ∗aλ∗b of any two distinct translations of Q (S) has odd order, then the group G generated by the
translations of S(S) is the alternating group An or the symmetric group Sn, depending whether n is divisible by 4 or not.
Proof. Since S(S) is a proper Steiner loop, the order n of S(S) is at least 8. As the element e of S(S) is no fixed point of G, the
group G acts 2-transitively precisely if the stabilizer Ge is transitive on S(S) \ {e}. Let a, b be different elements of S(S) \ {e}
and let B be a block {r, s, a ◦ b}, where r, s 6∈ {a, b}, but r ◦ s = a ◦ b. Let δr,s and δa,b be involutions as in Proposition 1. Then
δr,sδa,b(a) = δr,s(b) = b and δr,sδa,b(e) = δr,s(a ◦ b) = e, and G is 2-transitive.
Let a and b be distinct elements of S(S)\{e} and let Ga,b be the stabilizer of G fixing a and b. If c is any point of S(S)\{a, b}
and H is a block {r, s, r ◦ s}with r, s 6∈ {a, b} and r ◦ s = c , then for the involution δr,s of Lemma 1 one has δr,s(e) = c which
shows that G is a 3-transitive group.
Let a, b be different points of S(S)\{e}. We consider the stabilizer Ga,b,a◦b which fixes each of the points a, b and a◦b. Let
r be any point of S(S)\{e, a, b, a◦b}. If any block ofS through r intersects the block D = {a, b, a◦b}, then the Steiner triple
system S would be the projective plane of order 2 and the Steiner loop S(S) would be the elementary abelian 2-group of
order 8 (cf. [4] Corollary 1). Hence there is a block B = {s, t, r} ofS such that B ∩ D is empty. But then the involution δs,t of
Lemma 1 maps e onto r and fixes each of the points a, b and a ◦ b. From this, it follows that G is a 4-transitive permutation
group on S(S).
Now, from [1], Theorem 5.2, p. 625 it follows that a finite 4-transitive group G on the set S(S) belongs to one of the
following classes
(i) G is the alternating group An or the symmetric group Sn,
(ii) G is either a Mathieu group acting on 11, 12, 22, 23 or 24 points or the automorphism group Aut(M22) of the Mathieu
groupM22.
IfG is aMathieu group, thenG is isomorphic to the groupM22, since for the order n of S(S) one has n ≡ 2 or 4 (mod 6). IfG
isM22 orAut(M22), thenG is the automorphismgroup of the unique Steiner systemS(3, 6, 22)with 22 points such that three
distinct points determines precisely one block, and any block has 6 different points (see [5], Theorem 6.6D, p. 200). Since the
stabilizer of a point ofS(3, 6, 22) in the automorphism group ofS(3, 6, 22) is the group PSL3(2) ([5], Theorem 6.5B, p. 196)
no element of G different from identity can have 18 fixed points.
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Hence the groupG is isomorphic toAn or Sn. The translationsλa of S(S) are involutions andhave no fixed points. Therefore
λa is a product of even or odd number of transpositions, depending whether n is divisible by 4 or not. Since G is generated
by the translations of S(S) the group G is isomorphic either to An or to Sn depending whether n is divisible by 4 or not. 
Remark 3. Any Steiner quasigroup Q (S) corresponding to a Hall system satisfies the conditions of Theorem 2.
This follows from the fact that the product of any two distinct translations of any such Steiner quasigroupQ (S) has order
three ([3], p. 152). In particular, the group G generated by the translations of the Steiner loop corresponding to the affine
space of order 3n over the field GF(3) is the symmetric group S3n+1 if n is even, and the alternating group A3n+1 if n is odd.
There are also Steiner triple systems which are not Hall systems, but for which the products of any two distinct
translations of the associated Steiner quasigroup have odd order. We illustrate this for Steiner triple systems constructed
in [6], 2.1. p. 291.
Let C be a cyclic group of order k = 13 (4n− 1) such that n > 1 is odd. LetS be the disjoined unionS = C0 ∪ C1 ∪ C2 such
that C0, C1, C2 are three exemplars of C . If the element x ∈ C is contained in the exemplar Ci then we denote this element
with xi. The blocks of a Steiner triple systemSC on the point setS of size 4n − 1 are the following triples:
(i) all subsets {x0, x1, x2}, with x0 = x1 = x2 = x ∈ C ,
(ii) all subsets {x0, y0, z1}, {x1, y1, z2}, {x2, y2, z0} ofSwith x, y, z ∈ C such that x 6= y and xy = z2.
The group G generated by the products λaiλbj , ai, bj ∈ SC , of translations of the Steiner quasigroup Q (SC ) is a
subgroup of the semidirect product of a normal group N by the cyclic group of order 3 acting on the indices {i, j, k}. The
group N is generated by the elements τa,b(x) 7→ a−2b−4x−4, a, b ∈ C , which are the projections of λaiλbj to N . Since
τa,b
n : x 7→ a−2(4
n−1)
3 b
−4(4n−1)
3 x−4n and C has the order 4
n−1
3 one has τa,b
n = 1. Hence the product of any two distinct
translations of Q (SC ) has odd order and we obtain
Remark 4. Let C be a cyclic group of order 4
n−1
3 with odd n > 1 and let Q (SC ) be the Steiner quasigroup corresponding
to the Steiner triple system constructed from C , as above. Then the translation group of the Steiner loop S(SC ) of order 4n
corresponding to Q (SC ) is the alternating group A4n .
If 2
2n−1
3 has only two prime divisors, then there are three non-collinear points generating SC as well as triples of non-
collinear pointswhich do not generateSC ([6], 2.6. Theoreme 1, p. 293). Since in a Hall system any three non-collinear points
generate the affine plane of size 9, none of these Steiner triple systemsSC is a Hall system.
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